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Antiferromagnetism and single-partile properties in the two-dimensional half-lled
Hubbard model: a non-linear sigma model approah
K. Borejsza and N. Dupuis
Laboratoire de Physique des Solides, CNRS UMR 8502,
Université Paris-Sud, 91405 Orsay, Frane
(Dated: Deember 4, 2003)
We desribe a low-temperature approah to the two-dimensional half-lled Hubbard model whih
allows us to study both antiferromagnetism and single-partile properties. This approah ignores
amplitude utuations of the antiferromagneti (AF) order parameter and is valid below a rossover
temperature TX whih marks the onset of AF short-range order. Diretional utuations (spin
waves) are desribed by a non-linear sigma model (NLσM) that we derive from the Hubbard model.
The parameters of the NLσM, the spin stiness and the spin-wave veloity, are alulated as a
funtion of the Coulomb repulsion U . The NLσM is solved by a saddle-point approximation within
the CP
1
representation where the Néel eld is parametrized by two Shwinger bosons. At zero
temperature, there is always Bose ondensation of the Shwinger bosons, whih signals AF long-
range order for any value of the Coulomb repulsion. At nite temperature, the AF long-range order is
suppressed (in agreement with the Mermin-Wagner theorem), but the AF orrelation length remains
exponentially large. In the CP
1
representation, the fermion eld is naturally expressed as the produt
of a Shwinger boson and a pseudo-fermion whose spin is quantized along the (utuating) Néel eld.
This allows us to write the fermion Green's funtion as the produt (in diret spae) of the Shwinger
boson propagator (whih is derived from the NLσM) and the pseudo-fermion propagator. At zero
temperature and weak oupling, our results are typial of a Slater antiferromagnet. The AF gap is
exponentially small; there are well-dened Bogoliubov quasi-partiles (QP's) (arrying most of the
spetral weight) oexisting with a high-energy inoherent exitation bakground. As U inreases, the
Slater antiferromagnet progressively beomes a Mott-Heisenberg antiferromagnet. The Bogoliubov
bands evolve into Mott-Hubbard bands separated by a large AF gap. A signiant fration of spetral
weight is transferred from the Bogoliubov QP's to inoherent exitations. At nite temperature,
there is a metal-insulator transition between a pseudogap phase at weak oupling and a Mott-
Hubbard insulator at strong oupling. Finally, we point out that our results straightforwardly
translate to the half-lled attrative Hubbard model, where the q = (pi, pi) harge and q = 0 pairing
utuations ombine to form an order parameter with SO(3) symmetry.
PACS numbers: 71.10.Fd,71.10.Hf,71.27.+a
I. INTRODUCTION
The Hubbard model
1,2,3,4
and its generalizations play a
key role in the desription of strongly orrelated fermion
systems suh as high-Tc superondutors, heavy fermions
systems, or organi ondutors.
5
Despite its simpliity
(the model is dened by two parameters, the inter-site
hopping amplitude t and the loal Coulomb interation
U , and the symmetry of the lattie), exat solutions or
well-ontrolled approximations exist only in a few speial
ases like in one-dimension
6
(1D) or in the limit of innite
dimension.
7
It is now well established that the ground state of the
half-lled Hubbard model on a ubi or square lattie has
antiferromagneti (AF) long-range order.
8,9
In the weak-
oupling limit (U ≪ 4t), a Fermi surfae instability gives
rise to a spin-density-wave ground state as rst suggested
by Slater.
10
The AF long-range order produes a gap
in the quasi-partile (QP) exitation spetrum so that
the system beomes insulating below the AF transition
temperature. In the strong-oupling regime (U ≫ 4t),
fermions are loalized by the strong Coulomb repulsion
(Mott-Hubbard loalization), thus reating loal (mag-
neti) moments on the lattie sites that are well desribed
by the Heisenberg model.
4,11
These loal moments order
at low temperature and give rise to a Mott-Heisenberg
antiferromagnet.
The main dierene between Slater and Mott-
Heisenberg antiferromagnets lies in the existene or ab-
sene of preformed loal (magneti) moments above the
Néel temperature TN.
4
In the weak-oupling limit, we
expet a Fermi liquid phase down to temperatures very
lose to TN where ritial AF utuations start to grow.
In the strong-oupling limit, the system is insulating
both above (Mott-Hubbard insulator) and below (Mott-
Heisenberg antiferromagnet) the Néel temperature.
This simple view, while orret in 3D, breaks down in
2D. In 2D systems, thermal (lassial) utuations pre-
lude a nite-temperature AF phase transition, and the
phase transition ours at TN = 0 in agreement with
the Mermin-Wagner theorem.
12
Nevertheless, below a
rossover temperature TX , the system enters a renormal-
ized lassial regime where AF utuations start to grow
exponentially. Below TX , the Fermi-liquid desription
breaks down even at weak oupling, although the sys-
tem remains metalli. Instead of well-dened Landau's
QP's, the fermion spetral funtion A(k, ω) exhibits two
(broadened) peaks separated by a pseudogap.
2The existene of a pseudogap at weak oupling is best
understood by onsidering the zero-temperature limit.
At zero temperature, A(k, ω) is expeted to exhibit two
peaks orresponding to the Bogoliubov QP's as in the
Hartree-Fok (HF) theory. These two peaks are sepa-
rated by the AF gap whih is due to the presene of
magneti long-range order. At any nite temperature,
the AF long-range order disappears in 2D. However, by
ontinuity, the two-peak struture in A(k, ω) annot dis-
appear as soon as we raise the temperature. As pointed
out in Ref. 13, the only possible senario is that at -
nite by low temperature, the fermion spetral funtion
exhibits two broadened peaks, whih are preursors of
the zero-temperature Bogoliubov QP's, separated by a
pseudogap. At strong oupling, the zero-temperature gap
survives at nite temperature sine the system is a Mott-
Hubbard insulator.
The simplest desription of the AF ground state of
the 2D half-lled Hubbard model is based on the HF
theory. It is known that the HF theory remains mean-
ingful even at large U . In partiular, spin-wave modes
obtained from the Heisenberg model with an exhange
oupling J = 4t2/U an be reprodued from a random-
phase-approximation (RPA) alulation about the AF
HF solution.
14,15,16,17
The inuene of the spin-wave
modes on the fermioni exitations has been studied
within one-loop
18
and self-onsistent one-loop
19,20
ap-
proximations. A QP piture for the oherent motion of a
partile or a hole appears to be still valid. However, AF
quantum utuations lead to a signiant redution of
the Bogoliubov QP spetral weight, with a onomitant
redistribution of spetral intensity into inoherent exita-
tions, and a strong renormalization of the AF gap. These
onlusions are supported by numerial work on the Hub-
bard model
21,22,23
and, in the strong-oupling limit, by
analytial or numerial analysis of the t-J model.24
In spite of its suess at zero temperature, the HF the-
ory fails in 2D sine it predits AF long-range order at
nite temperature. In the weak-oupling limit, alterna-
tive approahes, whih do satisfy the Mermin-Wagner
theorem, have been proposed: Moriya's self-onsistent-
renormalized theory,
14,25,26
the utuation exhange ap-
proximation (FLEX),
27
or the two-partile self-onsistent
theory.
13
None of these approahes gives a unied de-
sription of the magneti properties of the 2D Hubbard
model at nite temperature, both at weak and strong
oupling. At strong oupling, in the Mott-Hubbard insu-
lating state, spin degrees of freedom are usually desribed
by the Heisenberg model for whih various methods are
available.
11,28,29
Beside their limitation to the weak-oupling regime,
these approahes are also unable to aount for the
strong suppression of the amplitude utuations of the
AF order parameter at low temperature and therefore
essentially desribe Gaussian spin utuations. Be-
low the rossover temperature TX , amplitude utu-
ations are indeed frozen and only diretional utua-
tions [i.e. (transverse) spin waves℄ survive at low en-
ergy. The alulation of the single-partile Green's
funtion usually relies on a paramagnon-like self-energy
desribing free fermions that ouple to Gaussian or-
der parameter utuations.
13,27,30,31,32
This kind of ap-
proah has been originally introdued by Lee, Rie
and Anderson to explain the suppression of the den-
sity of states assoiated with order parameter u-
tuations near a harge-density-wave instability.
33
It
has been sine studied by many authors, in one and
two dimensions.
34,35,36,37,38,39,40,41,42,43,44,45,46,47
The as-
sumption of Gaussian spin utuations leads to an overes-
timation of the fermion density of states at low energy.
48
Moreover, the artiial presene of amplitude utua-
tions does not allow to reah the orret T → 0 limit.36,49
The eet of diretional (i.e. phase) utuations of a
omplex order parameter on the fermion density of states
has been studied both for inommensurate 1D Peierls
systems
50,51
and 2D superondutors.
52
Transverse spin-
wave utuations in the nite-temperature 2D Hubbard
model have not reeived as muh attention so far.
On the experimental side, antiferromagnetism and
pseudogaps are ubiquitous in low-dimensional strongly
orrelated fermion systems. Pseudogaps were rst
observed in quasi-1D systems near a harge-density-
wave instability.
33,53
More reently, a pseudogap has
been observed in the metalli phase of high-Tc
superondutors.
54,55
Whether the pseudogap in these
systems is of magneti or pairing origin is still a mat-
ter of intense debate.
In this paper, we desribe a theoretial approah whih
provides a unied view of the 2D half-lled Hubbard
model at low temperature (inluding T = 0) and for
any value of the Coulomb repulsion.
56
It is based on a
non-linear sigma model (NLσM) desription of spin u-
tuations. At zero temperature, our theory desribes the
evolution from a Slater (U ≪ 4t) to a Mott-Heisenberg
(U ≫ 4t) antiferromagnet. At nite temperature, it pre-
dits a pseudogap at weak-oupling due to strong AF
utuations, and a Mott-Hubbard gap at strong oupling.
Sine it takes into aount only diretional utuations of
the AF order parameter, it is valid for T ≪ TX , where TX
is a rossover temperature whih marks the onset of AF
short-range order. In Ref. 49, one of the present authors
reported a alulation of the fermion spetral funtion
in the weak-oupling limit of the Hubbard model using
a NLσM desription of spin utuations. However, the
limitations enountered by previous approahes ould not
be overome.
As rst shown by Shulz,
57
spin utuations in the
2D Hubbard model at low temperature an be desribed
by a NLσM for any value of the Coulomb repulsion.58
In Se. II, we give a detailed derivation of the NLσM
starting from the Hubbard model. The parameters of
the NLσM, the bare spin stiness ρ0s and the spin-wave
veloity c, are alulated as a funtion of the ratio U/t.
For U ≫ 4t, we reover the NLσM derived from the
Heisenberg model with an exhange oupling J = 4t2/U .
In Se. III, we introdue the CP
1
representation of the
3NLσM where the Néel eld (giving the diretion of the
loal AF order) is expressed in terms of two Shwinger
bosons. This allows a simple saddle-point solution
11
from
whih we obtain the magneti phase diagram of the 2D
Hubbard model. At zero temperature, there is onden-
sation of the Shwinger bosons for any value of U , whih
signals the presene of AF long-range order. At nite
temperature, the system is disordered by thermal utu-
ations, but the AF orrelation length remains exponen-
tially large below a rossover temperature TX (renormal-
ized lassial regime
28
). In Se. IV, we study the fermion
spetral properties. The fermion is written as the prod-
ut of a Shwinger boson and a pseudo-fermion whose
spin is quantized along the (utuating) Néel eld. Suh
a deomposition is reminisent of slave-boson
59
or slave-
fermion
60,61,62
theories.
63
It allows us to approximate the
fermion Green's funtion by the produt (in diret spae)
of the Shwinger boson propagator (whih is obtained
from the NLσM) and the HF fermioni propagator. At
weak-oupling (U ≪ 4t) and zero temperature, our re-
sults learly desribe a Slater antiferromagnet. The AF
gap 2∆0 ∼ te−2π
√
t/U
is exponentially small. As in the
HF theory, there are well-dened Bogoliubov QP's. How-
ever, beause of AF quantum utuations, their spe-
tral weight is redued by a fator n0 (0 < n0 < 1)
whih is given by the fration of ondensed Shwinger
bosons in the ground state. The missing weight (1− n0)
is transferred to inoherent exitations at higher energy
(1 − n0 ≪ 1 when U ≪ 4t). As U inreases, the AF
gap inreases and spetral weight is progressively trans-
ferred from the Bogoliubov QP's to the inoherent ex-
itation bakground. At strong oupling (U ≫ 4t), our
results are typial of a Mott-Heisenberg antiferromagnet.
The AF gap 2∆0 is of order U . The inoherent exita-
tion bakground arries a signiant fration of spetral
weight (i.e. n0 and 1 − n0 are of the same order) and
extends over an energy sale of order J = 4t2/U above
the Bogoliubov QP energy ±Ek. At nite temperature,
the Bogoliubov QP's disappear (n0 = 0 in the absene of
Bose ondensation) and only inoherent exitations sur-
vive. Nevertheless, preursors of the zero-temperature
Bogoliubov QP's show up as sharp peaks at ±Ek in the
spetral funtion A(k, ω), with a width of order T . We
show that these peaks ontinuously evolve into the zero-
temperature Bogoliubov QP peaks as T → 0. This en-
sures that the spetral funtion A(k, ω) is ontinuous at
the TN = 0 phase transition. The high-energy inoherent
exitation bakground is little aeted by a nite temper-
ature, but the presene of thermal AF utuations gives
rise to fermioni states below the zero-temperature AF
gap ∆0. At weak oupling, the gap is ompletely lled
and replaed by a pseudogap. At strong oupling, the
zero-temperature gap survives at nite temperature and
the system is a Mott-Hubbard insulator.
On the basis of a numerial alulation in the frame-
work of the dynamial luster approximation, Mouk-
ouri and Jarrell have alled into question the exis-
tene of a Slater senario in the 2D half-lled Hubbard
model.
64,65,66
They argue that the system is always a
Mott-Hubbard insulator at low (but nite) temperature
even at weak oupling. We will show that their results
are not in ontradition with a Slater senario at weak
oupling, but merely reet the strong suppression of the
density of states due to the pseudogap (Se. IVC).
At half-lling, the repulsive Hubbard model an be
mapped exatly onto the attrative model by a anoni-
al transformation.
67
This transformation maps the q =
(π, π) spin orrelations of the repulsive model onto the
q = 0 pairing and q = (π, π) harge orrelations of the
attrative model, but leaves the single-partile Green's
funtion and the spetral funtion A(k, ω) invariant.
Thus the results obtained in this paper apply also to the
attrative Hubbard model, but with a dierent physial
meaning (Se. V). At zero temperature, there is super-
onduting and harge-density-wave long-range orders.
As the attrative interation strength inreases, there is a
smooth rossover from a BCS to a Bose-Einstein behav-
ior. At nite temperature, the weak-oupling pseudogap
is due to strong pairing and harge utuations, whereas
the strong-oupling gap is a onsequene of the presene
of preformed partile-partile pairs.
II. DERIVATION OF THE NLσM
The Hubbard model is dened by the Hamiltonian
H = −
∑
r,σ
c†rσ(tˆ+ µ)crσ + U
∑
r
c†r↑cr↑c
†
r↓cr↓, (1)
where tˆ is the nearest-neighbor hopping operator:
tˆcrσ = t
(
cr+exσ + cr−exσ + cr+eyσ + cr−eyσ
)
. (2)
At half-lling the hemial potential µ equals U/2. ex
and ey denote unit vetors along the x and y diretions.
c†rσ (crσ) reates (annihilates) a fermion of spin σ at the
lattie site r. We take the lattie spaing equal to unity
and set ℏ = kB = 1 throughout the paper.
We an represent the partition funtion of the system
as a path integral over Grassmann elds ψrσ, ψ
⋆
rσ. The
ation an be written as Skin + Sint with
Skin =
∫ β
0
dτ
∑
r
Ψ†r(∂τ − µ− tˆ)Ψr, (3)
Sint = U
∫ β
0
dτ
∑
r
ψ⋆r↑ψr↑ψ
⋆
r↓ψr↓, (4)
where β = 1/T is the inverse temperature. In the ki-
neti ation Skin we have used the spinor representa-
tion Ψ = (ψ↑, ψ↓)
T
. To desribe olletive spin and
harge utuations, we introdue auxiliary elds. The
standard approah is to write the interation part of
the ation as ψ⋆r↑ψr↑ψ
⋆
r↓ψr↓ =
1
4
(
Ψ†rΨr
)2− 14 (Ψ†rσ3Ψr)2,
and to perform a Hubbard-Stratonovih transformation
4by means of two real auxiliary elds ∆cr and ∆sr. Al-
though this proedure reovers the standard mean-eld
(or HF) theory of the Néel state within a saddle-point
approximation, it leads to a loss of spin rotation invari-
ane and does not allow to obtain the spin-wave Gold-
stone modes. Flutuations of ∆cr and ∆sr orrespond
to gapped amplitude modes. Alternatively, one ould
write Sint in an expliitly spin-rotation invariant form,
e.g. ψ⋆r↑ψr↑ψ
⋆
r↓ψr↓ = − 16
(
Ψ†rσΨr
)2
(σ = (σ1, σ2, σ3)
denotes the Pauli matries), and use a vetor Hubbard-
Stratonovih eld. Suh deompositions, however, do not
reprodue the HF results at the saddle-point level.
57
As
noted earlier,
57,68
this diulty an be irumvented by
using the deomposition
ψ⋆r↑ψr↑ψ
⋆
r↓ψr↓ =
1
4
(
Ψ†rΨr
)2 − 1
4
(
Ψ†rσ ·ΩrΨr
)2
, (5)
where Ωr is a site- and time-dependent unitary vetor.
Spin-rotation invariane is made expliit by performing
an angular integration over Ωr at eah site and time
(with a measure normalized to unity). The Hubbard-
Stratonovih transformation then reads
e−Sint =
∫
D[∆c,∆s,Ω]
×e−
∫
β
0
dτ
∑
r[ 1U (∆
2
cr+∆
2
sr)−Ψ
†
r(i∆cr+∆srσ·Ωr)Ψr].(6)
Eq. (6) orresponds to an "amplitude-diretion" repre-
sentation, where the magneti order parameter eld is
given by ∆srΩr. The HF theory is now reovered from a
saddle-point approximation over the auxiliary elds ∆cr,
∆sr and Ωr (Se. II A). Spin-wave exitations an then
be obtained by onsidering small utuations of the Ωr
eld about its saddle-point value. In Se. III we show
that the amplitude-diretion representation (6) allows to
go beyond the Néel-ordered HF state and derive an ef-
fetive ation for the Ωr eld.
A. HF theory
Making the ansatz of an antiferromagneti order, i.e.
taking onstant auxiliary elds ∆cr = ∆c, ∆sr = ∆ and
a staggering vetor Ωr = (−1)ruz parallel to the z axis,
one obtains the saddle-point equations
i∆c = −U
2
〈
Ψ†rΨr
〉
, (7)
∆ =
U
2
(−1)r 〈Ψ†rσ3Ψr〉 . (8)
At half-lling, the saddle-point value i∆c = −U/2 an-
els the hemial potential term in (3). The HF ation is
quadrati,
SHF =
∫ β
0
dτ
∑
r
Ψ†r
(
∂τ − tˆ− (−1)r∆σ3
)
Ψr, (9)
and an easily be diagonalized. Due to the translational
symmetry breaking there is unit ell doubling. In the
redued Brillouin zone sheme (|kx| + |ky| ≤ π) ele-
mentary exitations are exhausted by two bands of Bo-
goliubov QP's at energies ±Ek = ±
√
∆2 + ǫ2k, ǫk =−2t(coskx + cos ky) being the energy of free fermions.
Using the HF ation (9) one obtains the HF single-
partile Green's funtion
− 〈φkωσφ⋆k′ω′σ′〉 = δω,ω′δσ,σ′GHFσ (k,k′, ω), (10)
GHFσ (k,k′, ω) = −δk,k′
iω + ǫk
ω2 + E2k
+ δk,k′+pi
σ∆
ω2 + E2k
,
. (11)
where pi = (π, π) and ω ≡ (2n + 1)πT (n integer) is
a fermioni Matsubara frequeny. The propagator (10)
makes it in turn possible to give an expliit form to the
gap equation (8):
1
U
=
∫
k
tanh(βEk2 )
2Ek
. (12)
We use the notation
∫
k
=
∫ π
−π
∫ π
−π
dkx
2π
dky
2π . Eq. (12) pre-
dits a phase transition at a nite temperature THFN ,
whih is exponentially small at weak oupling and ap-
proahes U/4 at strong oupling. Similarly to the tran-
sition temperature, the zero-temperature gap ∆0 tends
to U/2 at strong oupling and is exponentially small at
weak oupling:
∆0 ≃ 32te−2π
√
t/U . (13)
B. Spin utuations
In 2D, the HF theory breaks down at nite tem-
perature, sine it predits AF long-range order below
THFN . Nevertheless, the HF transition temperature bears
a physial meaning as a rossover temperature below
whih the amplitude of the AF order parameter takes a
well-dened value. This is sometimes interpreted as the
appearane of loal moments with an amplitude ∆0/U .
Note that at weak oupling the "loal" moments an be
dened only at length-sale of order ξ0 ∼ t/∆0, whih
orresponds to the size of bound partile-hole pairs in
the HF ground state. Thus, strito sensu, loal moments
form only in the strong-oupling limit when ξ0 ∼ 1.
Below THFN , it is natural to neglet amplitude utua-
tions of the AF order parameter and derive an eetive
ation of the Ωr eld by integrating out the fermioni
degrees of freedom. We all TX the rossover temper-
ature below whih AF short-range order appears. As
will be shown subsequently, in the weak oupling limit
TX ∼ THFN , whereas at strong oupling TX ∼ J =
4t2/U ≪ THFN . For T ≪ TX , the amplitude of the
AF order parameter an be approximated by its zero-
temperature HF value ∆0. Following Haldane,
11,69
in
5the presene of AF short-range order (T . TX) we write
Ωr = (−1)rnr
√
1− L2r + Lr. (14)
n is a unitary vetor representing the Néel eld, whereas
L is the anting vetor, orthogonal to n, taking aount
of loal ferromagneti utuations. n is assumed to be
slowly-varying and L to be small. We perform at eah
site and time a rotation in spin spae and introdue a
new fermioni eld Φr dened by Ψr = RrΦr. Rr is a
time- and site-dependent SU(2)/U(1) matrix satisfying
σ · nr = Rrσ3R†r. (15)
The above denition means that Rr, the SO(3) element
assoiated to Rr, maps uz onto nr. The U(1) gauge
freedom is due to rotations around the z axis, whih do
not hange the physial state of the system. The spin of
the pseudo-fermions Φr is quantized along the nr axis.
In order to express the ation in terms of the new spinor
variable, it is onvenient to make use of the SU(2) gauge
eld Aµr =
∑
ν=1,2,3A
ν
µrσν dened as
A0r = −R†r∂τRr, (16)
Aµr = iR
†
r∂µRr, µ = x, y. (17)
We also dene the rotated anting eld lr = R−1r Lr.
Given that R−1r nr = uz and Lr ⊥ nr, the lr vetor lies
in the x− y plane. Using the identity
Φ†rR
†
rRr+eµΦr+eµ = Φ
†
re
∂µ−iAµrΦr (18)
we re-express the kineti and interation parts of the a-
tion as
Skin =
∫ β
0
dτ
∑
r
Φ†r
[
∂τ −A0r
−2t
∑
µ=x,y
cos(−i∂µ −Aµr)
]
Φr, (19)
Sint = −∆0
∫ β
0
dτ
∑
r
Φ†r[(−1)rσ3
√
1− l2r
+lr · σ]Φr. (20)
In the above expressions, both l and Aµ are small,
sine the gauge eld is of the order of ∂µn. We expand
Eqs. (19-20) to seond order in these variables. To ze-
roth order, we reover the HF ation SHF[Φ] dened in
(9). The rst- and seond-order orretions in Aνµ yield
paramagneti and diamagneti terms Sp and Sd, respe-
tively. The orretions in l give rst- and seond-order
ferromagneti utuations Sl and Sl2 :
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Sp = −
∫ β
0
dτ
∑
µ=0,x,y
ν=1,2,3
r
jνµrA
ν
µr, (21)
Sd =
t
2
∫ β
0
dτ
∑
µ=x,y
ν=1,2,3
r
Aνµr
2Φ†r cos(−i∂µ)Φr + c.c.,(22)
Sl = −∆0
∫ β
0
dτ
∑
ν=1,2
r
lνr j
ν
0r, (23)
Sl2 =
∆0
2
∫ β
0
dτ
∑
r
(−1)rl2rj30r. (24)
The spin-density urrents jνµ are dened by
jν0r = Φ
†
rσνΦr, (25)
jνµr = tΦ
†
r sin(−i∂µ)σνΦr + c.c., µ = x, y. (26)
We now derive an eetive ation for the spin variables
n and L by integrating out the fermions. Keeping terms
up to seond order in Aνµ and l, the eetive ation is
given by rst- and seond-order umulants of the four
perturbative terms Sp, Sd, Sl, Sl2 with respet to the
HF ation:
Seff [n,L] = 〈Sp〉+ 〈Sd〉+ 〈Sl〉+ 〈Sl2〉
−1
2
〈
S2p
〉
c
− 1
2
〈
S2l
〉
c
− 〈SpSl〉c . (27)
Evaluation of the rst-order umulants is straightfor-
ward. Dening ǫc as the absolute value of the (negative)
kineti energy per site in the HF ground state we have
〈Sp〉 = −2∆0
U
∫ β
0
dτ
∑
r
(−1)rA30r, (28)
〈Sd〉 = ǫc
4
∫ β
0
dτ
∑
µ=x,y
ν=1,2,3
r
Aνµr
2, (29)
〈Sl〉 = 0, (30)
〈Sl2〉 = ∆
2
0
U
∫ β
0
dτ
∑
r
l2r. (31)
We reognize in equation (28) the usual Berry phase
term. Sine it is believed to play no role in a two-
dimensional antiferromagnet
11
we will ignore it in the
following.
The alulation of the seond-order umulants seems
umbersome at rst sight, sine it involves (after mov-
ing to the Fourier spae) the urrent-urrent orrelation
funtion Πνν
′
µµ′ (q, ων ;q
′, ω′ν) = 〈jνµ(q, ων)jν
′
µ′ (q
′, ω′ν)〉HF.
[ων = ν2πT (ν integer) is a bosoni Matsubara fre-
queny.℄ In fat, as the orrelator stands in front of
seond-order quantities, we are interested only in its zero-
frequeny, zero-momentum value Πνν
′
µµ′ (0, 0;0, 0) whih
we denote by Πνν
′
µµ′ . With the exeption of Π
11
00 = Π
22
00
and Π33xx = Π
33
yy all these quantities vanish (see Appendix
A), so that we obtain
〈
S2p
〉
c
= Π1100
∫ β
0
dτ
∑
r
ν=1,2
Aν0r
2
+ Π33xx
∫ β
0
dτ
∑
r
µ=x,y
A3µr
2
, (32)
6〈
S2l
〉
c
= ∆20Π
11
00
∫ β
0
dτ
∑
r
ν=1,2
lνr
2, (33)
〈SpSl〉c = ∆0Π1100
∫ β
0
dτ
∑
r
ν=1,2
Aν0rl
ν
r . (34)
Using the invariane of the urrent-urrent orrelation
funtion with respet to rotations of axis uz, one an es-
tablish the identity ǫc/2 − Π33xx = 0. It implies that the
A3µ
2
terms in the rst- and seond-order umulants an-
el eah other, whih ensures the U(1) gauge invariane.
The only remaining orrelator is the transverse spin sus-
eptibility Π1100 ≡ χ⊥. In order to express the eetive
ation Seff [n,L] [Eq. (27)℄ in terms of n and L we use
the relations (see Appendix B)∑
ν=1,2
Aνµr
2 = ζ
1
4
(∂µnr)
2, (35)
∑
ν=1,2
Aν0rl
ν
r =
i
2
(nr ∧ ∂τnr) · Lr, (36)
with ζ = 1 for µ = x, y and ζ = −1 for µ = 0. Putting
everything together, we obtain the eetive ation
Seff =
1
2
∫ β
0
dτ
∑
r
[χ⊥
4
n˙2r +
ǫc
8
∑
µ=x,y
(∂µnr)
2
+∆20
( 2
U
− χ⊥
)
L2r − i∆0χ⊥(nr ∧ n˙r) · Lr
]
(37)
where n˙ = ∂τn. Integrating out the anting eld with
the onstraint Lr ⊥ nr, we eventually obtain a NLσM
for the Néel eld:
SNLσM[n] =
ρ0s
2
∫ β
0
dτ
∫
d2r
[
1
c2
n˙2r +
∑
µ=x,y
(∂µnr)
2
]
,
(38)
where we have taken the ontinuum limit in real spae.
The bare spin stiness ρ0s and the spin-wave veloity c
are given by
ρ0s =
ǫc
8
, c2 =
ǫc
2
(
1
χ⊥
− U
2
)
. (39)
Eq. (38) must be supplemented with a uto Λ in mo-
mentum spae. In the strong-oupling limit, where AF
utuations are due to loal moments, the uto Λ an
be taken of the order of unity. In the weak-oupling limit,
the Néel eld is ill-dened at length-sales smaller than
ξ0 ∼ t/∆0, sine below ξ0 "loal" moments annot be
dened (see the disussion at the beginning of Se. II B).
We therefore hoose Λ ∼ min(1, 2∆0/c).71
For numerial omputation of the spin-wave veloity
and spin stiness we use the expressions
χ⊥ = 2∆20
∫ 4t
0
ρ0(ǫ)dǫ
(∆20 + ǫ
2)
3
2
, (40)
ρ0s =
1
4
∫ 4t
0
ǫ2ρ0(ǫ)dǫ√
∆20 + ǫ
2
. (41)
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FIG. 1: Spin-wave veloity c (solid line) and bare spin stiness
ρ0s (dot-dashed line) vs U . For U ≫ 4t we reover the results
obtained from the Heisenberg model with J = 4t2/U (dashed
line: spin-wave veloity, dotted line: bare spin stiness). In-
set: fration of ondensed bosons at T = 0. 1 − n0 is expo-
nentially small at weak oupling (U ≪ 4t), while n0 ≃ 0.6
for U ≫ 4t. n0 determines the mean-value of the Néel eld
in the ground state (〈nr〉 = n0uz) and the spetral weight of
the Bogoliubov QP's (see Se. IV).
ρ0 is the density of states of free fermions on a square
lattie. It an be expressed, using the omplete ellipti
integral of the rst kind K, as ρ0(ǫ) = (2π
2t)−1K[(1 −
ǫ2/16t2)1/2] for |ǫ| ≤ 4t. In the strong oupling limit we
reover the results obtained from the Heisenberg model
with an exhange oupling J = 4t2/U : the spin stiness
equals J/4 and the spin-wave veloity
√
2J . At weak
oupling, c goes to zero like 2π−1/2t(U/t)
1
4
and ρ
(0)
s ∼ t.
The fator (U/t)
1
4
is due to the Van-Hove singularities.
The results are shown in Fig. 1.
The NLσM dened by Eqs. (38-41) was rst obtained
by Shulz.
57
The value of the spin-wave veloity agrees
with the result obtained from an RPA alulation about
the zero-temperature AF HF state.
15,16,17
Note that we also expet a damping term with a har-
ateristi frequeny ωsf in the NLσM ation (38) at weak
oupling. This term omes from the damping of spin
utuations by fermion exitations whih are gapless in
the weak oupling limit (see Se. IV). It is missed in our
approah sine we expand around the zero-temperature
AF state whih has only gapped quasi-partile exita-
tions. In the renormalized lassial regime, this term is
however negligible sine ωsf ∝ ξ−2 → 0 (ritial slowing
down).
13,45
7III. MAGNETIC PHASE DIAGRAM
Let us reast the NLσM ation in a more usual form,
by making use of the oupling onstant g = c/ρ0s:
SNLσM[n] =
1
2g
∫ β
0
dτ
∫
d2r
[
1
c
n˙2r + c
∑
µ=x,y
(∂µnr)
2
]
.
(42)
To solve the NLσM, we use a saddle-point approximation
in the CP1 representation,11 whih proves well suited for
the omputation of the fermion Green's funtion. In the
CP1 representation, the Néel eld is expressed in terms
of two Shwinger bosons,
nr = z
†
rσzr, (43)
with zr = (zr↑, zr↓)
T
. The ondition n2r = 1 translates
into z†rzr = 1. The rotation matrix R an be expressed
as
Rr =
(
zr↑ −z⋆r↓
zr↓ z
⋆
r↑
)
. (44)
The U(1) gauge symmetry now manifests itself in the
invariane of the nr vetor and the relation (15) den-
ing the rotation matrix under the transformation zr →
eiαrzr.
The NLσM expressed in terms of Shwinger bosons
involves terms quadrati and quarti in zr. The latter
turns out to be proportional to Azµr
2
with Azµr expressed
in terms of Shwinger bosons [Eqs. (17) and (44)℄. It is
deoupled by an auxiliary eld aµr. To handle the uni-
modularity ondition z†rzr = 1 one introdues Lagrange
multipliers λr at eah time and site. The partition fun-
tion then beomes (see Ref. 11)
Z =
∫
D[z, aµ, λ]e−S (45)
S =
∫ β
0
dτ
∫
d2r
[
iλr(z
†
rzr − 1) +
2
gc
|(∂τ − a0r)zr|2
+
2c
g
∑
µ=x,y
|(∂µ − iaµr)zr|2
]
, (46)
the zr↑ and zr↓ being now unonstrained bosoni elds.
One then performs a saddle-point approximation over the
λr and aµr elds. When the CP
1
representation is gen-
eralized to the CPN−1 representation by introduing N
dierent z bosons, the approximation beomes exat in
the limit N →∞.11 Within the ansatz of a uniform stati
saddle-point solution iλr = 2m
2/gc and aµr = 0, the
propagator an be read o from (46):
−
〈
zqωνσ z
⋆
q′ ω′νσ
′
〉
= δq,q′δων ,ω′νδσ,σ′Dσ(q, ων),(47)
Dσ(q, ων) = −gc
2(ω2ν + ω
2
q)
− βNn0δσ,↑δων ,0δq,0, (48)
ωq =
√
c2q2 +m2, (49)
T
RC
QC
QD
g

g
U  t U  t
| {z }
Hubbard model
FIG. 2: Phase diagram of the NLσM derived from a saddle-
point approximation in the CP1 representation. At T = 0,
there is long-range order when the oupling onstant g <
gc = 4pi/Λ. The three nite-temperature regimes orrespond
to "renormalized lassial" (RC), "quantum ritial" (QC)
and "quantum disordered" (QD).
28,72
The ground state of the
2D half-lled Hubbard model is ordered for any value of the
Coulomb repulsion U . At nite temperature, there are strong
AF utuations with an exponentially large orrelation length
ξ ≫ 1 (RC regime).
where N is the number of lattie sites. The saddle-point
equation for the Lagrange multiplier m2 reads
1
β
∑
ων
∫
|q|<Λ
gc
ω2ν + ω
2
q
+ n0 = 1. (50)
In Eqs. (47-50), we have allowed for a Bose ondensa-
tion of the Shwinger bosons in the mode q = 0, with
n0 =
1
Nβ
〈
z†(q = 0, ων = 0)z(q = 0, ων = 0)
〉
the fra-
tion of ondensed bosons. Bose ondensation signals the
appearane of AF long-range order: 〈nr〉 = n0uz . Know-
ing the propagator of the z eld, one an then alulate
the spin-spin orrelation funtion using Eq. (43). The
AF orrelation length ξ is related to the mass m of the
bosoni propagator D via m = c/2ξ.11 m vanishes when-
ever the fration of the ondensed bosons is nite.
At zero temperature, the solution of the saddle-point
equation (50) shows that the NLσM is ordered at small
g (m = 0 and n0 > 0) and disordered by quantum u-
tuations at large g (m > 0 and n0 = 0). The two regimes
are separated by a quantum-ritial point at gc = 4π/Λ.
In the ordered phase (g ≤ gc), the fration of ondensed
bosons is n0 = 1− g/gc.
The ondition of zero-temperature long-range order is
satised in the NLσM derived from the half-lled Hub-
bard model (Fig. 2). For U ≪ 4t, g/gc ∼ e−2π
√
t/U
is ex-
ponentially small. For U ≫ 4t, ρ0s ≃ J/4 and cΛ ≃
√
2J ,
so that g/gc ≃
√
2/π < 1. Notie that setting the uto
to a higher value at strong oupling would lead us into
the quantum disordered regime. However, our hoie is
onsistent with results obtained by mapping the Hubbard
model at strong oupling onto the Heisenberg model. It
is known, both from numerial and analytial work, that
the 2D quantum Heisenberg model on a square lattie is
ordered at zero temperature.
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FIG. 3: Phase diagram of the 2D half-lled Hubbard model.
T & THFN : Fermi liquid (FL) phase; TX . T . T
HF
N : loal
moments with no AF short-range order (Curie spins, ξ ∼ 1);
T = 0: Slater (U ≪ 4t) and Mott-Heisenberg (U ≫ 4t)
antiferromagnets. At nite temperature, there is a pseudogap
phase (U ≪ 4t) and a Mott-Hubbard insulator (U ≫ 4t)
separated by a metal-insulator transition (dotted line) dened
by the vanishing of the tunneling density of states ρ(ω = 0)
at zero energy (Se. IV). All lines, exept TN = 0 (thik
solid line), are rossover lines. The NLσM desription is valid
below TX (RC regime). [From Ref. 56.℄
Fig. 1 shows the fration of ondensed bosons as a
funtion of U . For this, and subsequent, numerial
alulations we use a smooth uto, i.e.
∫
|q|<Λ
→∫
q
e−|q|ξ0−e−q0ξ0
1−e−q0ξ0
. In ontrast to a hard uto, this pro-
edure prevents artiial features in the fermion spetral
funtion and in the density of states. The parameter
q0 is adjusted so as to reprodue in the strong-oupling
limit (U ≫ 4t) the result | 〈nr〉 | = n0 ≃ 0.6 obtained
from the Heisenberg model.
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While the value of n0 for
U ≪ 4t and U ≫ 4t does not depend on ξ0, the behavior
at intermediate oupling is strongly uto dependent.
At nite temperature, the AF long-range order is sup-
pressed (n0 = 0,m > 0), in agreement with the Mermin-
Wagner theorem. For systems that exhibit AF long-range
order at T = 0, the orrelation length remains neverthe-
less exponentially large at low temperature [renormalized
lassial regime, see Fig. (2)℄. From Eq. (50), we dedue
ξ =
c
2m
, m = Te−
2piρs
T , (51)
where ρs = ρ
0
s(1−g/gc) is the zero-temperature spin sti-
ness. The mass m of the bosoni propagator being muh
smaller than the temperature, the dominant utuations
are lassial.
Let us now disuss the limits of validity of the NLσM.
The derivation of the NLσM is based on the assumption
that the dominant low-energy utuations are transverse
spin waves with a large orrelation length. The ondition
T ≪ THFN ensures that amplitude utuations of the AF
order parameter are frozen at low energy. One should
also verify that the omputation of ξ within the NLσM is
onsistent with the assumption of AF short-range order,
i.e. ξ ≫ Λ−1 or, equivalently, m ≪ cΛ/2. We dene T ′
as the solution of the equation m ∼ cΛ/2 obtained from
Eq. (50). Then, the domain of validity of the NLσM is
given by T ≪ TX ∼ min(THFN , T ′). At weak oupling,
TX ∼ THFN , while TX ∼ T ′ ∼ J at strong oupling. The
rossover temperature TX displayed in Fig. 3 is a smooth
interpolation between THFN and T
′
.
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The phase diagram is shown in Fig. 3. Above THFN , spin
utuations are not important and we expet a Fermi
liquid behavior. Between THFN and TX (a regime whih
exists only in the strong-oupling limit), loal moments
form but with no AF short-range order (Curie spins:
ξ ∼ 1). Below TX, the system enters a renormalized
lassial regime of spin utuations where the AF orre-
lation length beomes exponentially large [Eq. (51)℄. AF
long-range order sets in at TN = 0. Although there is a
smooth evolution of the magneti properties as a fun-
tion of U , the physis is quite dierent for U ≪ 4t and
U ≫ 4t. This will be shown in Se. IV by studying
the fermion spetral properties. The main onlusions
are shown in Fig. 3. At zero temperature the system
is an antiferromagnet, whih evolves from a Slater to a
Mott-Heisenberg behavior as U inreases. At nite tem-
perature there is a pseudogap phase for U ≪ 4t and a
Mott-Hubbard insulator for U ≫ 4t. These two regimes
are separated by a (nite-temperature) metal-insulator
transition (dotted line in Fig. 3) dened by the vanishing
of the tunneling density of states ρ(ω = 0) at zero energy.
IV. FERMION SPECTRAL PROPERTIES
In this setion, we study the inuene of the long-
wavelength spin utuations on the fermion spe-
tral properties. The fermioni Green's funtion
− 〈Ψr1τ1Ψ†r2τ2〉, written here as a 2 × 2 matrix in spin
spae, an easily be related to the pseudo-fermions by
use of the relation Ψr = RrΦr:
G(1, 2) = −
〈
R1Φ1Φ
†
2R
†
2
〉
. (52)
Here we use the shorthand notations 1 ≡ (r1, τ1) and 2 ≡
(r2, τ2). The averaging in the above expression should be
performed with respet to the ation SHF[Φ]+S
′[z,Φ,L]
obtained in Se. II B from the seond-order expansion in
L and ∂µn. S
′
stands for the sum of the perturbative
orretions Sp, Sd, Sl, Sl2 dened in (21-24). Integrating
rst the pseudo-fermions, we an write the propagator as
G(1, 2) = 1
Z
∫
D[z]e−SNLσM[z]R1G(1, 2|z)R†2, (53)
Z =
∫
D[z]e−SNLσM[z], (54)
9where G(1, 2|z) is the pseudo-fermion propagator alu-
lated for a given onguration of the bosoni eld z:
G(1, 2|z) = −
∫ D[Φ,L]φ1φ⋆2e−SHF[Φ]−S′[z,Φ,L]∫ D[Φ,L]e−SHF[Φ]−S′[z,Φ,L] . (55)
The ation SHF[Φ]+S
′[z,Φ,L] desribes HF fermions in-
terating with spin utuations via the ation S′. Sine
the HF pseudo-fermions are gapped, we expet a per-
turbative expansion in S′ to be well-behaved. To lead-
ing order, G(1, 2|z) = GHF(1, 2) and the fermion Green's
funtion simplies into
Gσ1σ2(1, 2) =
∑
α1,α2
GHFα1α2(1, 2)
〈
(R1)σ1α1(R2)
⋆
σ2α2
〉
,
(56)
where the produt of rotation matries is averaged with
the NLσM ation. This approximation neglets the ef-
fet of spin utuations on the propagation of pseudo-
fermions. Their inuene on the propagation of fermions
is implemented only through the deomposition of the
fermion into a boson and a pseudo-fermion.
Using the Shwinger boson propagator derived in
Se. III [Eqs. (47-49)℄, we have
〈
(R1)σ1α1(R2)
⋆
σ2α2
〉
= −δσ1,σ2δα1,α2
× (D(1, 2)− δσ1,α1n0) , (57)
where D is the non-ondensed part of Dσ. Using this
expression in Eq. (56) we nally obtain for the fermion
Green's funtion:
− 〈ψrτσψ⋆r′τ ′σ′〉 = δσ,σ′Gσ(r, r′, τ − τ ′), (58)
Gσ(k,k′, ω) = −2δk,k
′
β
∑
ων
∫
q
GHFσ (k− q,k− q, ω − ων)D(q, ων) + n0GHFσ (k,k′, ω). (59)
Sine n0 vanishes at nite temperature, the fermion Green's funtion is spin-rotation and translation invariant in
the absene of AF long-range order. We show below that the rst term of the rhs of (59) orresponds to inoherent
exitations. At zero temperature, the last term of (59) desribes Bogoliubov QP's arrying a total spetral weight n0.
To study in detail the fermion exitations, we onsider the spetral funtion A(k, ω) = −π−1ImGσ(k,k, iω →
ω + i0+) and the tunneling density of states (DOS) ρ(ω) =
∫
dωA(k, ω). Performing the summation over bosoni
Matsubara frequenies in Eq. (59) we obtain
A(k, ω) = Ainc(k, ω) + n0AHF(k, ω), (60)
Ainc(k, ω) =
∫
q
gc
2ωq
{
[nB(ωq) + nF (−Ek−q)]
[
u2k−qδ(ω − ωq − Ek−q) + v2k−qδ(ω + ωq + Ek−q)
]
+ [nB(ωq) + nF (Ek−q)]
[
u2k−qδ(ω + ωq − Ek−q) + v2k−qδ(ω − ωq + Ek−q)
]}
, (61)
where nF (ω) and nB(ω) are the usual Fermi and Bose o-
upation numbers (eβω± 1)−1, and AHF the HF spetral
funtion:
AHF(k, ω) = u2kδ(ω − Ek) + v2kδ(ω + Ek), (62)
u2k =
1
2
(
1 +
ǫk
Ek
)
, v2k =
1
2
(
1− ǫk
Ek
)
. (63)
One an hek that the spetral funtion A(k, ω) is nor-
malized to unity. From Eqs. (60-61) we dedue∫
dωA(k, ω) =
∫
|q|<Λ
gc
ωq
(
nB(ωq) +
1
2
)
+ n0
= 1, (64)
where the seond equality is obtained by using
〈
z†rzr
〉
= 1
[Eq. (50)℄. From Eqs. (60-63), we obtain
ρ(ω) = ρinc(ω) + n0ρHF(ω), (65)
ρinc(ω) = ρ
>
inc(ω) + ρ
>
inc(−ω), (66)
ρ>inc(ω) =
g
4πc
∫ cΛ
m
dω′
[
nB(ω
′)ρHF(ω + ω
′)θ(ω + ω′)
+ (nB(ω
′) + 1)ρHF(ω − ω′)θ(ω − ω′)
]
, (67)
where
ρHF(ω) = θ(ω
2 −∆20)
|ω|√
ω2 −∆20
ρ0
(√
ω2 −∆20
)
(68)
is the HF DOS and θ the step funtion. We have ap-
proximated the Fermi oupation numbers by their zero-
temperature limit, whih is valid for T ≪ THFN .
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FIG. 4: Spetral funtion A(k, ω) in the weak-oupling limit
U = t for T = 0 (Slater antiferromagnet) and T = ∆0/5
(pseudogap phase). k = (pi/2, pi/2). The vertial lines repre-
sent Dira peaks of weight n0/2 (Bogoliubov QP's). At nite
temperature, preursors of the zero-temperature Bogoliubov
QP's show up as peaks of width ∼ T at ±Ek. At low energy
(and T > 0), we observe a pseudogap with an exponentially
small spetral weight at ω = 0. Energies are measured in
units of t. [From Ref. 56.℄
A. T = 0: Slater vs Mott-Heisenberg
antiferromagnetism
At zero temperature, the inoherent part of the spe-
tral funtion [Eq. (61)℄ an be simplied. All the oupa-
tion fators vanish, exept fermioni fators at negative
energies whih are equal to 1, so that
Ainc(k, ω) =
∫
q
gc
2ωq
[u2k−qδ(ω − ωq − Ek−q)
+v2k−qδ(ω + ωq + Ek−q)]. (69)
In the same way, we obtain for the DOS
ρ>inc(ω) =
g
4πc
∫ cΛ
0
dω′ρHF(ω − ω′)θ(ω − ω′). (70)
In Figs. 4-5 we show the spetral funtion at the
k = (π/2, π/2) point of the non-interating Fermi sur-
fae at weak (U = t) and strong (U = 12t) oupling.
The spetral funtion A(k, ω) exhibits a gap 2∆0, whih
is a onsequene of AF long-range order. There are well-
dened Bogoliubov QP's with exitation energy ±Ek, as
in HF theory, but their spetral weight is redued by a
fator n0 < 1 beause of quantum spin utuations. The
remaining weight (1 − n0) is arried by an inoherent
exitation bakground at higher energy (|ω| > Ek).
There are important dierenes between the weak
(U ≪ 4t) and strong (U ≫ 4t) oupling regimes. First,
the AF gap 2∆0 ∼ te−2π
√
t/U
is exponentially small at
weak oupling, while it tends to U for U ≫ 4t. Seond,
the Bogoliubov QP's arry most of the spetral weight
in the weak-oupling regime, sine g/gc = 1 − n0 is ex-
ponentially small when U ≪ 4t. As U inreases, spetral
weight is transferred from the Bogoliubov QP's to the in-
oherent exitation bakground, and at strong oupling
T =
J
5
T = 0
n
0
= 0:63

0
= 5:68t
U = 12t
!=
0
A(k; !)
10-1
1.5
1
0.5
0
FIG. 5: Spetral funtion A(k, ω) in the strong-oupling
regime U = 12t for T = 0 (Mott-Heisenberg antiferromagnet)
and T = J/5 (Mott-Hubbard insulator). At T = 0, when U
inreases, spetral weight is transferred from the Bogoliubov
QP peaks to the inoherent exitation bakground. [Note the
dierene in the energy sale, whih is xed by ∆0, between
Figs. 4 and 5.℄ [From Ref. 56.℄
(U ≫ 4t) the inoherent exitation bakground arries a
signiant fration of the total spetral weight (i.e. n0
and 1 − n0 are of the same order). Third, the energy
range of the inoherent exitation bakground depends
on the value of U . From Eq. (69) we see that it extends
from Ek to ∼
√
E2k + 16t
2Λ2 + cΛ. At weak oupling,
the upper limit turns out to be of order ∆0 (for k lying
on the non-interating Fermi surfae). Thus, the energy
range of the inoherent exitation bakground remains
very small with respet to the dispersion of the Bogoli-
ubov QP energy Ek, whih is of order t when ∆0 ≪ t.
At strong oupling, the inoherent exitation bakground
above Ek ∼ U/2 extends over a range of order J . This
energy range is of the same order of magnitude as the
dispersion of the Bogoliubov QP energy, whih is also of
order J when U ≫ 4t [as an be seen from the expansion
Ek ≃ U/2 + J(cos kx + cos ky)2℄.
In Figs. 6-7 we ompare the zero-temperature DOS
ρ(ω) and the non-interating DOS ρ0(ω). At weak ou-
pling (U = t), ρ(ω) is similar to the HF result, with
no visible eet of the inoherent exitation bakground.
ρ(ω) diers from ρ0(ω) mainly at low energy, due to the
(small) AF gap 2∆0. At strong oupling (U = 12t), ρ(ω)
diers strongly from ρ0(ω), due to an AF gap 2∆0 ∼ U
exeeding the non-interating bandwidth. There is also
a signiant dierene between ρ(ω) and ρHF(ω), whih
results from the inoherent exitation bakground.
The spetral funtion A(k, ω) and the DOS ρ(ω) are
typial of a Slater antiferromagnet at weak oupling and
of a Mott-Heisenberg antiferromagnet at strong oupling.
As shown in the next setion, Slater and Mott-Heisenberg
antiferromagnets behave very dierently at nite temper-
ature.
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FIG. 6: Zero-temperature DOS ρ(ω) at weak oupling: U = t
(Slater antiferromagnet). ρ(ω) diers from the free-fermion
DOS ρ0(ω) only at low energy due to the opening of the
AF gap 2∆0 (see inset). Sine the inoherent exitation
bakground arries a negligible fration of the total spetral
weight, there is no notieable dierene between ρ(ω) and the
HF DOS ρHF(ω) (not shown in the gure).
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FIG. 7: Same as Fig. 6, but at strong oupling: U = 12t
(Mott-Heisenberg antiferromagnet). ρ(ω) diers strongly
from the non-interating DOS ρ0(ω), as the AF gap exeeds
the non-interating bandwidth. It also diers from the HF
DOS ρHF(ω) due to the inoherent exitation bakground ar-
rying a signiant fration of the total spetral weight.
B. T > 0: pseudogap vs Mott-Hubbard gap
At nite temperature, n0 vanishes and A = Ainc. The
result of the numerial alulation for U = t and U = 12t
for k = (π/2, π/2) is shown in Figs. 4 and 5. A(k, ω) ex-
hibits broadened peaks of width T at the HF QP en-
ergy ±Ek. These peaks are inoherent preursors of
the zero-temperature Bogoliubov QP peaks. The zero-
temperature AF gap is partially lled at strong oupling
and transforms into a pseudogap in the weak-oupling
regime. At higher energy (|ω| & Ek), a roughly feature-
less inoherent exitation bakground is observed.
1. Preursors of Bogoliubov QP's
At nite temperature, the oherent part of the spe-
tral funtion disappears. However, sharp peaks are still
observed at the HF energy ±Ek. To study the peak at
Ek, let us perform a few approximations on the nite-
temperature spetral funtion (61). First, at positive
energies, almost all the spetral weight omes from the
terms proportional to u2k−q in (61) (exept at energies
lose to zero), whose sum will be denoted by A>. Se-
ond, we replae the Fermi oupation number by the step
funtion, given that the temperature is small ompared
to Ek. Regrouping terms ontaining the Bose oupation
numbers we obtain
A>(k, ω) = A>bg(k, ω) +A>peak(k, ω), (71)
A>peak(k, ω) =
∫
q
gc
2ωq
nB(ωq)u
2
k−q
[
δ(ω − ωq − Ek−q)
+δ(ω + ωq − Ek−q)
]
. (72)
A>bg has the same expression as the inoherent exitation
bakground term (69) at zero temperature. It thus de-
sribes a temperature-independent inoherent exitation
bakground at energies above Ek. A>peak gives rise to the
peak at the HF energy Ek. To see this, let us put it into
a more expliit form. Beause of the bosoni oupation
numbers, the sum over q in (72) is dominated by wave-
vetors satisfying ωq . T or, equivalently, |q| . T/c.
For T ≪ TX , T/c ≪ 1 and we an neglet the q depen-
dene of Ek−q and u
2
k−q. The integrand then beomes
isotropi, and one an use
∫
q
c2
ωq
=
∫ cΛ
m
dωq
2π . The result
is
A>peak(k, ω) = u2k
g
4πc
nB(|ω − Ek|) (73)
for |ω − Ek| > m, and vanishes for |ω − Ek| < m. For
m < |ω − Ek| ≪ T , A>peak(k, ω) behaves like T/|ω −
Ek|. At energies further away from the peak enter, it
dereases like e−|ω−Ek|/T . Thus the width of the peak is
of the order of the temperature and therefore orresponds
to inoherent exitations. The vanishing of A(k, ω) for
|ω − Ek| < m is learly unphysial (note that it annot
be seen in the gures, sine m is exponentially small). It
would be suppressed by any nite life time in the bosoni
propagator D. The nite-temperature DOS suers from
the same artifat (i.e. ρ(ω) = 0 for |ω −∆0| < m).
The spetral weight of the peak at Ek is∫
dωA>peak(k, ω) = u2k
g
2πc
T ln
(
T
m
)
= u2k
(
1− g
gc
)
. (74)
where the last result is obtained using Eq. (51). The
spetral weight of the peak turns out to be tempera-
ture independent and equal to u2kn0 (n0 = 1 − g/gc),
whih is nothing else but the Bogoliubov QP weight in
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FIG. 8: Finite-temperature spetral funtion at weak ou-
pling for two dierent points of the non-interating Fermi sur-
fae. For k lose to (pi/2, pi/2) a seond peak appears below
∆0 (see text).
the ground state. We onlude that the peak is an ino-
herent preursor of the zero-temperature Bogoliubov QP
peak. As the temperature dereases, it retains its spe-
tral weight but beomes sharper and sharper, and even-
tually beomes a Dira peak at T = 0. As expeted, the
spetral funtion evolves ontinuously when T → 0. As
in the zero-temperature ase, the dependene of n0 upon
U desribes the transfer of spetral weight from the Bo-
goliubov QP's to the inoherent exitation bakground
when the Coulomb repulsion inreases.
The approximation (73) suggests that the peak in
A(k, ω) should exhibit the same features, regardless of
the loation of k on the non-interating Fermi surfae.
Numerial alulations onrm this onlusion, with one
exeption. For wave-vetors near (π/2, π/2), a seond
(smaller) peak appears at low energy (Fig. 8). From a
mathematial point of view, it is due to the vanishing
of the rst-order derivative of the argument of the delta
funtion in Eq. (72), whih ours for ∇qωq =∇qEk−q.
The energy at whih the integration ontour in the q
plane, dened by the delta funtion, passes through this
point an be estimated to be ∆0
√
1− (c/|vk|)2, where
vk =∇kǫk is the free-fermion veloity. For wave-vetors
verifying |vk| < c, i.e. suiently lose to the Van-Hove
singularities, the seond peak disappears. We believe this
seond peak to be an artifat of our lowest-order approx-
imation in the pseudo-fermion-boson interation.
2. Pseudogap vs Mott-Hubbard gap
As shown in Figs. 4-5, the spetral funtion A(k, ω)
extends below the HF energy Ek (and above−Ek for ω <
0) at nite temperature. The orresponding ontribution
to A(k, ω) is given by [see Eq. (61)℄
∫
q
gc
2ωq
nB(ωq)
[
u2k−qδ(ω + ωq − Ek−q)
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FIG. 9: Finite-temperature DOS ρ(ω) at weak oupling: U =
t, T = ∆0/5 (pseudogap phase). At ω = 0 the DOS is nite
but exponentially small [Eq. (76)℄.
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FIG. 10: Finite-temperature DOS ρ(ω) at strong oupling:
U = 12t, T = J/5 (Mott-Hubbard insulator).
+v2k−qδ(ω − ωq + Ek−q)
]
. (75)
The presene of the Bose oupation number nB(ωq)
shows that the low-energy fermion states (|ω| < Ek) are
due to thermal bosons, i.e. thermally exited spin utu-
ations. A fermion added to the system with momentum k
and energy |ω| < Ek an propagate by absorbing a ther-
mal boson of energy ωq and emitting a pseudo-fermion
with energy Ek−q = ω + ωq.
The lowest fermion energies are obtained by solving
ω = Ek−q − ωq (or ω = −Ek+q + ωq). In the weak
oupling limit, maxq(ωq) = cΛ ∼ 2∆0 and Ek−q ∼ Ek.
Thus there is spetral weight at zero energy: the spetral
funtion and the density of states exhibit a pseudogap
(Figs. 4 and 9). Note that the DOS remains exponentially
small at low energy:
ρ(ω) ∼ e−∆0T cosh
(ω
T
)
, |ω| ≪ ∆0. (76)
This result diers from pseudogap theories based on
Gaussian spin utuations whih nd a muh weaker
suppression of the density of states at low energy.
48
It
bears some similarities with the results obtained by Bar-
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FIG. 11: Lines ρ(ω = 0) = const in the (U, T ) plane. The
vertial line orresponds to ρ(ω = 0) = 0.
tosh and Kopietz for fermions oupled to lassial phase
utuations in inommensurate Peierls hains.
51
In the
strong oupling limit, thermally exited spin utuations
lead to a small redution of the zero-temperature gap
sine cΛ ∼ J ≪ Ek ∼ U/2. The system is a Mott-
Hubbard insulator with a gap 2∆0 of order U (Figs. 5
and 10).
A last omment is in order here. Sine the system
is in the renormalized lassial regime, it is tempting to
treat the NLσM in the lassial limit (whih amounts
to negleting the quantum (temporal) utuations of the
Néel eld n). Suh an approah is expeted to be at least
qualitatively orret for the low-energy bosons (ωq . T )
and should then give a good approximation of A(k, ω)
in the viinity of the peaks around ω = ±Ek. Retaining
only the ων = 0 ontribution in Eq. (59), one nds
Acl(k, ω) = T
∫
q
gc
ω2q
[
u2k−qδ(ω − Ek−q)
+v2k−qδ(ω + Ek−q)
]
. (77)
Eq. (77) an also be obtained from Eq. (61) by using
nB(ωq) + 1 ∼ nB(ωq) ∼ T/ωq ≫ 1 and negleting the
term ±ωq in the argument of the delta funtions. It
is readily seen that the lassial alulation does not
reprodue the pseudogap, sine Acl(k, ω) vanishes for
|ω| < Ek. Although the pseudogap originates from ther-
mally exited spin utuations in the renormalized las-
sial regime, a fully quantum-mehanial alulation of
A(k, ω) turns out to be neessary to aount for the pres-
ene of low-energy fermion exitations.
C. Finite-temperature metal-insulator transition
We onlude from the results of Se. IVB that our
approah predits a nite-temperature metal-insulator
transition between a pseudogap phase and a Mott-
Hubbard insulator as the strength of the Coulomb in-
teration inreases: at a ritial value Uc, the density of
states at zero energy ρ(ω = 0) vanishes and the pseudo-
gap beomes a Mott-Hubbard gap (Fig. 3). Uc is ob-
tained by equating the minimum energy ∆0 of a HF
fermion to the maximum energy of a Shwinger boson√
m2 + c2Λ2. For T → 0 the result is Uc ≃ 4.25t. It
should be noted that the NLσM, whih is a low-energy
theory, does not allow us to desribe aurately the high-
energy Shwinger bosons (with |q| ∼ Λ) and in turn the
low-energy fermion exitations. In partiular, the riti-
al value of U alulated above depends on the ut-o
proedure used in the NLσM. Note also that we do not
know at whih temperature and how the metal-insulator
transition ends.
Fig. 11 shows the lines ρ(ω = 0) = const in the (U, T )
plane. Our results are in (semi-quantitative) agreement
with the numerial alulation of Moukouri et al.
64
Using
the riterion ρ(ω = 0) < 10−2/(2t) to identify the Mott-
insulating phase, these authors onluded that the sys-
tem is always insulating at low (but nite) temperature
even in the weak-oupling limit, whih seems to invali-
date the Slater senario as the mehanism for the metal-
insulator transition (whih requires TMIT = TN = 0).
Our approah shows that the results of Ref. 64 are not in
ontradition with a Slater senario at weak oupling, but
merely reet the exponential suppression of the density
of states due to the presene of a pseudogap. A similar
onlusion was reahed in Ref. 65.
V. ATTRACTIVE HUBBARD MODEL
In this setion, we show that the results obtained in
the previous setions translate diretly to the attrative
Hubbard model. The latter is dened by the Hamiltonian
H = −
∑
r,σ
c†rσ(tˆ+ µ)crσ − U
∑
r
c†r↑cr↑c
†
r↓cr↓, (78)
where −U (U ≥ 0) is the on-site attration. µ = −U/2
at half-lling.
Under the partile-hole transformation
67
cr↓ → (−1)rc†r↓, c†r↓ → (−1)rcr↓, (79)
the Hamiltonian beomes (up to a onstant term)
H = −
∑
r,σ
c†rσ(tˆ+ U/2)crσ + U
∑
r
c†r↑cr↑c
†
r↓cr↓
−(µ+ U/2)
∑
r
(c†r↑cr↑ − c†r↓cr↓), (80)
and the harge-density and pairing operators transform
as
ρr =
∑
σ
c†rσcrσ → 2Szr + 1, (81)
∆r = cr↓cr↑ → (−1)rS−r , (82)
∆†r = c
†
r↑c
†
r↓ → (−1)rS+r , (83)
where Sr = c
†
rσcr/2 and S
±
r = S
x
r ± iSyr . The trans-
formed Hamiltonian (80) orresponds to the repulsive
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FIG. 12: Phase diagram of the 2D half-lled Hubbard model
with an attrative interation −U (U ≥ 0). T & THFc : Fermi
liquid (FL) phase; TX . T . T
HF
c : preformed pairs with
no superuid or harge-density-wave order (ξ ∼ 1); T . TX:
renormalized lassial (RC) regime (ξ ≫ 1); T = 0: super-
onduting (SC) and harge-density-wave (CDW) long-range
orders (U ≪ 4t: BCS limit, U ≫ 4t: Bose-Einstein (BE)
limit). The dotted line is obtained from the vanishing of the
tunneling DOS ρ(ω = 0) at zero energy. All lines, exept
Tc = 0 (thik solid line), are rossover lines.
half-lled Hubbard model with a uniform magneti eld
µ + U/2 along the z axis oupled to the fermion spins.
At half-lling (µ = −U/2), the latter vanishes and the
Hamiltonian (80) redues to the one studied in the previ-
ous setions. Thus, in the attrative model, q = pi harge
and q = 0 pairing utuations ombine to form an order
parameter with SO(3) symmetry. Away from half-lling,
the degeneray between harge and pairing utuations
is lifted (by the uniform magneti eld µ+U/2 in the re-
pulsive model), and the (superonduting) order param-
eter exhibits SO(2) symmetry at low temperature. As
a result, there is a Berezinskii-Kosterlitz-Thouless phase
transition to a superonduting state at a nite temper-
ature TBKT.
75,76,77
In the following, we onsider only the half-lled ase
where the attrative model maps onto the repulsive
model studied in the present work. Sine the Green's
funtion and the spetral funtion are invariant under
the partile-hole transformation (79), we an diretly ap-
ply the results obtained in the previous setions. The
phase diagram is shown in Fig. 12. The rossover lines
are the same as in Fig. 3, but their physial meaning
is dierent. Below the HF transition temperature THFc ,
the SO(3) order parameter (ρq=pi ,∆q=0) aquires a -
nite amplitude ∆0. This orresponds to the appearane
of bound partile-hole and partile-partile pairs with a
size ξ0 ∼ t/∆0. Below TX , diretional orrelations of the
order parameter (ρq=pi ,∆q=0) start to grow exponen-
tially (renormalized lassial regime) and eventually long-
range order sets in at the Tc = 0 phase transition. Be-
ause of the SO(3) symmetry, the ground state an have
any ombination of superonduting and harge-density-
wave long-range orders. As U inreases, the ground state
smoothly evolve from the BCS to the Bose-Einstein lim-
its. In the weak-oupling limit (U ≪ 4t), there is a pseu-
dogap regime at nite temperature due to the diretional
utuations of the SO(3) order parameter. In the strong-
oupling limit (U ≫ 4t), between THFc and TX , there is
a regime of preformed (loal) partile-partile pairs with
no superuid or harge-density-wave short-range order
(ξ ∼ 1). Only below TX do these bosoni pairs begin
to develop short-range order. At T = 0, the partile-
partile pairs Bose ondense and/or loalize, thus giving
rise to superuid and/or harge-density-wave long-range
orders. The dotted line in Fig. 12 is obtained from the
vanishing of the tunneling DOS ρ(ω = 0) at zero energy.
VI. SUMMARY AND CONCLUSION
We have presented an approah to the 2D half-lled
Hubbard model whih desribes both olletive spin u-
tuations and single-partile properties for any value of
the Coulomb repulsion U . It is valid below a rossover
temperature TX where amplitude utuations of the AF
order parameter are frozen out and AF short-range or-
der starts to grow exponentially (renormalized lassial
regime).
The magneti phase diagram is obtained from a NLσM
that is derived from the Hubbard model. The parameters
of the NLσM, the bare spin stiness ρ0s and the spin-wave
veloity c, are expressed in terms of the mean-value of the
kineti energy and urrent-urrent orrelation funtions
in the HF state. The model is solved by a saddle-point
approximation within the CP
1
representation where the
Néel eld is represented by two Shwinger bosons. Bose-
Einstein ondensation of the Shwinger bosons at zero
temperature signals the appearane of AF long-range or-
der. At nite temperature (below TX), the system is in
a renormalized lassial regime where the AF orrelation
length ξ is exponentially large. The single-partile prop-
erties are obtained by writing the fermion eld in terms
of a Shwinger boson and a pseudo-fermion whose spin is
quantized along the (utuating) Néel eld. This deom-
position allows us to approximate the fermion Green's
funtion by the produt (in real spae) of the Shwinger
boson propagator (whih is obtained from the NLσM)
and the HF fermioni propagator.
Our results are summarized in Fig. 3, whih shows the
phase diagram of the 2D half-lled Hubbard model, and
Figs. 4-10. At weak oupling and zero temperature, our
theory learly desribes a Slater antiferromagnet with
an exponentially small AF gap, well-dened Bogoliubov
QP's arrying most of the spetral weight, and an ino-
herent exitation bakground at higher energy. As U in-
reases, the Slater antiferromagnet progressively evolves
into a Mott-Heisenberg antiferromagnet with an AF gap
of order U and a signiant fration of spetral weight
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transferred from the Bogoliubov QP's to the inoherent
exitation bakground. At nite temperature, the Bo-
goliubov QP's disappear and only inoherent exitations
survive. Nevertheless, preursors of the zero-temperature
Bogoliubov QP's show up as sharp peaks in the fermion
spetral funtion, with a width of order T . The pres-
ene of thermal spin utuations gives rise to fermioni
states below the zero-temperature AF gap. At weak ou-
pling, the latter is ompletely lled and replaed by a
pseudogap. The DOS ρ(ω) remains however exponen-
tially small at low energy. At strong oupling and -
nite temperature (0 < T . TX ∼ J), the system is a
paramagneti Mott-Hubbard insulator in a renormalized
lassial regime of spin utuations. At higher temper-
ature, TX ∼ J . T . THFN , the system is harater-
ized by the presene of preformed loal moments with-
out AF short-range order. Thus our theory predits a
metal-insulator transition at nite temperature between
a pseudogap phase at weak oupling and a Mott-Hubbard
insulator at strong oupling. For the 3D Hubbard model,
we expet a similar phase diagram, but with TX replaed
by a true transition line Tc between a paramagneti phase
and an AF phase. The weak oupling pseudogap phase
therefore appears as a onsequene of the low dimension-
ality of the system and the high symmetry (i.e. SO(3))
of the AF order parameter.
At half-lling the attrative and repulsive Hubbard
models an be mapped onto one another by a anoni-
al transformation so that our results also apply to the
attrative ase. AF utuations in the repulsive model
orrespond to q = pi harge and q = 0 pairing utua-
tions in the attrative model. The orresponding phase
diagram is disussed in Se. V (see Fig. 12).
Besides its validity both at weak and strong ou-
pling, our approah diers from previous weak-oupling
theories
33,34,35,36,37,38,39,40,41,42,43,44,45,46,47
of the pseu-
dogap phase in two respets. First, it takes spin utu-
ations into aount within a highly non-Gaussian theory
(the NLσM) and is valid at low temperature (0 ≤ T ≪
TX). On the ontrary, most of the other approahes as-
sume Gaussian spin utuations so that their range of
validity is restrited to T ∼ TX . Seond, our NLσM ap-
proah is an expansion about the AF ordered state whih
is a valid starting point in presene of AF short-range or-
der. When alulating fermion propagators, we have to
onsider HF pseudo-fermions interating with Shwinger
bosons whose dynamis is determined by the NLσM.
Sine the HF pseudo-fermions are gapped, we expet a
perturbative expansion in the pseudo-fermion-boson in-
teration to be well-behaved. Our results were obtained
to lowest order where the fermion Green's funtion is
given by the produt (in real spae) of the HF fermioni
propagator and the Shwinger boson propagator (whih
is obtained from the NLσM). This should be ontrasted
with perturbative treatments applied to free fermions in-
terating with soft olletive utuations where no small
expansion parameter is available.
Our NLσM approah is reminisent of slave-fermion
theories
60,61,62
where the fermion is written as the prod-
ut of a spinless pseudo-fermion and a Shwinger boson
arrying the spin degrees of freedom. Slave-fermion the-
ories apply to the t-J model where the Hilbert spae is
trunated by forbidding double oupany of the lattie
sites. In our work, the pseudo-fermion also arries a spin,
whih is a neessary ondition to desribe both the weak
and strong oupling regimes.
Our approah bears also some analogies with the work
of Gusynin et al.
52,78,79
on 2D fermion systems with an
attrative interation. These authors use a modulus-
phase representation for the SO(2) superonduting
order parameter whih is analog to our amplitude-
diretion representation of the SO(3) AF order pa-
rameter. At low temperature, the phase of the su-
peronduting order parameter is governed by a SO(2)
sigma model. The fermion Green's funtion is alu-
lated both above and below the Berezinskii-Kosterlitz-
Thouless phase transition TBKT by writing the fermion
eld as the produt of a pseudo-fermion and a bosoni
eld whih is related to the phase of the order pa-
rameter. As in our work, a simple deoupling proe-
dure between pseudo-fermions and bosons is used. A
pseudogap phase is found both above and below TBKT.
Gusynin et al. also point out the neessity to per-
form a fully quantum-mehanial alulation to desribe
the pseudogap phase.
79
The main dierene with our
work omes from the SO(2) symmetry of the order pa-
rameter whih leads to a nite-temperature Berezinskii-
Kosterlitz-Thouless phase transition.
Let us now mention some limitations of our ap-
proah. (i) The feedbak of spin utuations on (pseudo)-
fermions is not fully taken into aount. As a result, we
miss important eets, like the renormalization of the
zero-temperature HF gap ∆0 by quantum spin utua-
tions. (ii) The rossover temperature TX , whih is iden-
tied to the HF transition temperature THFN at weak
oupling, is overestimated. Due to Kanamori sreen-
ing eets, TX should be smaller than T
HF
N .
13,65
(iii)
The NLσM approah is restrited to low temperature
(T ≪ TX). In partiular, it does not give aess to the
rossover regime between the Fermi liquid and the pseu-
dogap phase at weak oupling. This regime is harater-
ized, as the temperature dereases, by the suppression
of Landau's QP's. (iv) At nite temperature, we pre-
dit a metal-insulator transition between a pseudogap
phase and a Mott-Hubbard insulator. However, being
a low-energy theory, the NLσM does not allow to study
the nite-temperature metal-insulator transition in detail
(see Se. IV).
But the main shortoming of our approah is that
it does not distinguish between Bogoliubov and Mott-
Hubbard bands. We nd a single energy sale (∆0)
in the density of states ρ(ω) and the spetral funtion
A(k, ω). On physial grounds, we expet instead two
energy sales, namely ∆0 and U/2, orresponding to
Bogoliubov bands (or preursors thereof at nite tem-
perature) and Mott-Hubbard bands, respetively.
13
In
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the weak oupling limit, ∆0 depends ruially on the
nesting properties of the Fermi surfae (Slater antifer-
romagnetism). On the other hand, the energy sale U/2
has a purely loal origin, whih is independent of the
Fermi surfae geometry, and is assoiated with the Mott-
Hubbard loalization. A proper desription of the Mott-
Hubbard loalization would require to treat the harge
utuations beyond the HF approximation for the ∆c
eld (Se. II). In the strong-oupling limit, harge u-
tuations are frozen out. This is the reason why the HF
saddle point for the amplitude elds ∆c and ∆s provides
an aurate desription of the loal moments (whose di-
retion is given by the Ωr eld) whih form in the strong
oupling limit.
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Note that for U ≫ 4t, ∆0 → U/2 so
that the system is haraterized by a single energy sale.
At intermediate oupling (U ∼ 8t), a four-peak stru-
ture orresponding to the simultaneous presene of Bo-
goliubov and Mott-Hubbard bands has been observed in
numerial simulations
81,82
and analytial studies
13,83
of
the Hubbard model. Although it misses some aspets of
the Mott-Hubbard loalization, in partiular at interme-
diate oupling, we believe that our theory aptures the
main features of the physis of the 2D half-lled Hubbard
model.
There are several diretions in whih this work ould be
further developed. The most obvious one is to onsider
situations where antiferromagnetism is frustrated due to
either a non-bipartite lattie or a nite next-neighbor
hopping amplitude. Doping would also indue magneti
frustration. This opens up the possibility to stabilize
more exoti magneti orders (e.g. a non-ollinear order),
and/or to reah the quantum disordered and quantum
ritial regimes of the NLσM (Fig. 2) and study the or-
responding fermion spetral funtions.
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APPENDIX A: HF CURRENT-CURRENT
CORRELATION FUNCTION
In this appendix we alulate the stati uniform
urrent-urrent orrelation funtion
Πνν
′
µµ′ =
〈
jνµ(0, 0)j
ν′
µ′ (0, 0)
〉
HF
. (A1)
From the denition of the urrent jνµ [Eqs. (25-26)℄, we
see that its zero-frequeny zero-momentum Fourier trans-
form involved in Eq. (A1) is given by
jνµ(0, 0) =
1√
βN
∑
k,ω
vµ(k)Φ
†
kωσνΦkω, (A2)
where
v0(k) = 1, (A3)
vµ(k) = 2t sin(kµ), µ = x, y. (A4)
Using the Wik's theorem to evaluate HF averages of Φ
elds, we an express Πνν
′
µµ′ as
Πνν
′
µµ′ = −
1
βN
∑
k,ω
k′,ω′
vµ(k)vµ′ (k
′)Tr
[
σν
〈
ΦkωΦ
†
k′ω′
〉
σν′
〈
Φk′ω′Φ
†
kω
〉]
, (A5)
where Tr denotes the trae with respet to the spin indies. Writing the HF propagator [Eq. (11)℄ as
−
〈
ΦkωΦ
†
k′ω′
〉
= δω,ω′ [δk,k′G(k, ω) + δk,k′+piσ3F (k, ω)] , (A6)
G(k, ω) =
−iω − ǫk
ω2 + E2k
, F (k, ω) =
∆0
ω2 + E2k
, (A7)
and using Tr(σνσν′) = 2δν,ν′ , Tr(σ3σνσ3σν′) = 2δν,ν′(2δν,3 − 1) and F (k+ pi, ω) = F (k, ω), we obtain
Πνν
′
µµ′ = −
2δν,ν′
βN
∑
k,k′,ω
vµ(k)vµ′ (k
′)
[
δk,k′G(k, ω)
2 + δk,k′+pi(2δν,3 − 1)F (k, ω)2
]
. (A8)
Πνν
′
µµ′ is thus diagonal in ν and ν
′
. One an show that it is also diagonal in µ and µ′. Indeed, whenever these two
indies are dierent, the rhs of (A8) is odd in kx or ky and vanishes after wave-vetor summation. Furthermore,
v0(k + pi) = v0(k) and vµ(k+ pi) = −vµ(k) for µ = x, y, so that
Πνν
′
µµ′ = −
2δν,ν′δµ,µ′
βN
∑
k,ω
vµ(k)
2
[
G(k, ω)2 + (2δµ,0 − 1)(2δν,3 − 1)F (k, ω)2
]
. (A9)
For T ≪ THFN , one an perform the Matsubara frequeny
summation in the zero-temperature limit. This gives
− 1
β
∑
ω
G(k, ω)2 =
1
β
∑
ω
F (k, ω)2
=
∆20
4E3k
. (A10)
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The only non-vanishing orrelator funtions are therefore
Π1100 = Π
22
00
=
∫
k
∆20
E3k
, (A11)
Π33xx = Π
33
yy
= 4∆20t
2
∫
k
sin2 kx
E3k
. (A12)
APPENDIX B: SU(2) GAUGE FIELD
In this appendix we give a proof of Eqs. (35-36), relat-
ing the Néel and anting elds nr and Lr to the gauge
eld Aνµr and the rotated anting eld lr. Let us reall
the denition of the gauge eld:
Aµr = iR
†
r∂µRr, µ = t, x, y. (B1)
The index t stands for real-time derivation. Imaginary-
time results are obtained using τ = it. The SU(2)/U(1)
rotation matrix Rr is dened, up to a U(1) gauge trans-
formation Rr → Rreiαrσ3 , by
σ · nr = Rrσ3R†r, (B2)
whih means that the SO(3) element Rr assoiated to
Rr maps uz onto nr. The gauge eld A
ν
µr is a zero-trae
Hermitian matrix whih an be deomposed on Pauli ma-
tries σν :
Aµr =
∑
ν=1,2,3
Aνµrσν
= Aµr · σ (B3)
where the bold notation denotes the three-omponent
vetor (A1µ, A
2
µ, A
3
µ).
The main result of this appendix is the following gen-
eral form for the Aµr eld:
Aµr = R−1r
(
1
2
nr ∧ ∂µnr + κµrnr
)
(B4)
=
1
2
uz ∧R−1r (∂µnr) + κµruz . (B5)
κµr is some funtion of position and time, xed by the
hoie of a gauge. Notie however, that it annot be any
funtion, sine it appears in the expression of the gauge-
eld density tensor, whih must be zero.
Eqs. (35-36) follow quite easily. First, we have
∑
ν=1,2
Aνµr
2 =
1
4
[R−1r (nr ∧ ∂µnr)∣∣2
=
1
4
(nr ∧ ∂µnr)2
=
1
4
(∂µnr)
2. (B6)
Using ∂t = i∂τ we obtain Eq. (35). Seond, realling that
the rotated anting vetor lr = R−1r Lr has no omponent
along uz, we an write∑
ν=1,2
Aνµrl
ν
r = Aµr · lr
=
1
2
R−1r (nr ∧ ∂µnr) · R−1r (Lr)
=
1
2
(nr ∧ ∂µnr) · Lr, (B7)
hene Eq. (36).
We now give a derivation of Eq. (B5). The rst step
is to dierentiate Eq. (B2). Derivatives of the rotation
matrix are alulated using Eq. (B1) and the identity
∂µR
†
r = −R†r(∂µRr)R†r whih results from the unitarity
of Rr. We obtain
σ · ∂µnr = −iRrAµrσ3R†r + iRrσ3AµrR†r
= −iRrAµrR†rRrσ3R†r + iRrσ3R†rRrAµrR†r.
(B8)
Let us dene a new eld
A˜µr = RrAµrR
†
r
= A˜µr · σ. (B9)
Using A˜µr and Eq. (B2) we an rewrite Eq. (B8) as
σ · ∂µnr = −i
[
A˜µr,σ · nr
]
= −i[σ · A˜µr,σ · nr]
= 2σ ·
(
A˜µr ∧ nr
)
. (B10)
We have used the identity
[σ · u,σ · v] = 2iσ · (u ∧ v). (B11)
Identifying the oeients of σ in Eq. (B10) and vetor-
multiplying by nr we arrive at
A˜µr =
1
2
nr ∧ ∂µnr + (nr · A˜µr)nr. (B12)
To onlude, it is suient to dene the last term in
Eq. (B12) as κµr and to remark that, owing to the de-
nition of A˜µr, we have A˜µr = RrAµr.
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